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CDDMA for convenience of description in the following texts.
The advantages of the MC/DS-CDMA and the RRNS can
be brieﬂy summarized as follows. First, it has been well-
recognized that the MC/DS-CDMA scheme has the high-
est ﬂexibility and highest number of degrees-of-freedom for
reconﬁgurations [8], which may render the RRNS MC/DS-
CDDMA a versatile multiple access scheme that is suitable
for CR systems. The MC/DS-CDMA scheme is also beneﬁcial
to pseudo-noise (PN) sequence acquisition, in comparison
with the single-carrier DS-CDMA [17–19]. Second, the signal
processing based on RRNS has a range of advantages that are
beneﬁcial to DMA [12–14]. RRNS-based arithmetics exhibit a
modular structure that leads naturally to parallelism in digital
hardware. Comparing with the conventional weighted number
systems, such as the binary weighted number system repre-
sentation, the RRNS has two attractive inherent features [12,
14]: (a) the carry-free arithmetic and (b) the lack of ordered
signiﬁcance among the residues. The ﬁrst property implies that
the operations related to the different residues of the RRNS
are mutually independent. The second property implies that
any erroneous residues may be discarded without affecting the
data recovery, provided that a sufﬁcient dynamic range remains
in the reduced RRNS in order to unambiguously represent
the non-redundant information. Due to the above-mentioned
properties of both the MC/DS-CDMA and the RRNS, our
proposed RRNS MC/DS-CDDMA is well suitable for DMA
in CRs environments.
In this paper, we focus on design of low-complexity,
high-efﬁciency and high-ﬂexibility multiuser detection (MUD)
schemes for the RRNS MC/DS-CDDMA systems, and on
studying the achievable error and throughput performance of
the RRNS MC/DS-CDDMA systems employing the proposed
MUD algorithms. Three types of MUD schemes are designed
based on the principles of the receiver multiuser diversity aided
multi-stage minimum mean-square error MUD (RMD/MS-
MMSE MUD) [20–23], yielding the so-called Type-I.1, Type-
I.2 and Type-II.1 RMD/MS-MMSE MUDs. Speciﬁcally, the
Type-I.1 MUD carries out the joint detection of all the
subcarrier signals using both the observations and the channel
state information (CSI) associated with all the subcarriers. By
contrast, in the both the Type-I.2 and Type-II.1 RMD/MS-
MMSE MUDs, the embedded MMSE-MUDs are implemented
subcarrier-by-subcarrier independently. Furthermore, in the
Type-I.2 RMD/MS-MMSE MUD, the autocorrelation matrices
used by the corresponding MMSE-MUDs are not dependent
on any CSI. Hence, their inverse matrices are required to
be updated, only when the active CRUs change. Therefore,
from the Type-I.1 to the Type-II.1 and, ﬁnally, to the Type-
I.2 RMD/MS-MMSE MUD, the implementation complexity
becomes lower and lower while the implementation ﬂexibility
becomes higher and higher. In this paper, the error and
throughput performance of the RRNS MC/DS-CDDMA sys-
tems employing the proposed MUD schemes are investigated,
when assume communications over frequency-selective fading
channels. From the performance results, we observe that the
three types of RMD/MS-MMSE MUDs are capable of making
the RRNS MC/DS-CDDMA systems achieve similar error and
throughput performance. Owing to the above properties, we
can argue that the RRNS MC/DS-CDDMA employing either
Type-I.2 or Type-II.1 RMD/MS-MMSE MUD constitutes one
of the highly promising DMA schemes for application in CR
systems. Note that, in [7], the performance of the RRNS/MC
DS-CDDMA systems has been investigated, when a so-called
suboptimum MMSE interference cancellation (SMMSE-IC)
scheme is employed.
The reminder of this paper is organized as follows. Sec-
tion II describes the main assumptions for the PR and CR
systems. In Section III, the RRNS MC/DS-CDDMA system
model is addressed, while, in Section IV, the three types
of RMD/MS-MMSE MUD schemes are detailed. In Sec-
tion V, we derive the outage probability and the lower bound
error probability of the RRNS MC/DS-CDDMA systems.
Section VI provides performance results and discussion and,
ﬁnally, in Section VII, we summarize the main conclusions.
II. OPERATIONAL MODELS OF PRIMARY AND COGNITIVE
RADIO SYSTEMS
In this paper, we assume that the PUs and CRUs are
operated under the interweave paradigm [6]. In this case,
the CRUs are only allowed to communicate opportunistically
on the spectrums not occupied by the PUs, which are usu-
ally referred to as the ‘spectrum holes’, without disturbing
the PUs’ communication and affecting their QoS. A CRU
communicating on a given spectrum band must terminate its
communication, once the band is found to be used by PUs.
In order to carry out the related investigation, in this
paper, we assume that the whole frequency band accessible
by the CRUs is divided into C subbands supported by the
corresponding subcarriers. The C subbands are allocated to
support maximal KP number of PUs. Once a PU becomes
active, it is assumed to occupy CP subbands, where we assume
that KpCP ≤ C. We assume that the PUs activate accord-
ing to the M/M/KP/KP/KP queuing model [24]. In this
M/M/KP/KP/KP queuing model, the number of active PUs
follows a Poisson distribution associated with an arrival rate
λ, the service time obeys a negative exponential distribution
with mean 1/µ, and the number of servers, system capacity as
well as the total number of customers are the same and have
a value of KP [24,25]. According to the queuing theory [25],
after the system converges to its steady state, the probability




















P0, 1 ≤ n ≤ KP (1)
Based on the above assumptions for the PRs, we can know
that the frequency bands possible for the CR system are
dynamic. The number of subbands available for the CRUs is
given by
¯ C = C − nCP, n = 0,1,...,KP (2)
when there are n active PUs, where n may take any value in
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U=8, Q=S=2, L=4, Ne=8
Fig. 3. BER versus average SNR per bit performance of the RNS-based
MC/DS-CDMA systems employing U = 8 subcarriers, which convey Q =
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U=16, Q=S=4, L=4, Ne=8
Fig. 4. BER versus average SNR per bit performance of the RNS-based
MC/DS-CDMA systems employing U = 16 subcarriers, which convey Q =
S = 4 residues attaining the L = 4th order frequency diversity.
moduli, m1 = 5, m2 = 7, m3 = 8 and m4 = 9, and also
achieving L = 4 orders of frequency diversity. Correspond-
ingly, we chose M = 2048 and every RNS symbol transmitted
B = log2 M = 11 bits. In both the ﬁgures, the lower bound
BER was depicted. Furthermore, in these two ﬁgures, the BER
performance of the corresponding MC/DS-CDMA systems
using MMSE-MUD to support K = 8 users is depicted.
Figs. 3 and 4 explicitly show that any of the three proposed
detection schemes outperforms the MMSE-MUD. As seen in
Figs. 3 and 4, at a given SNR per bit, the Type-I.1, Type-I.2
or Type-II.1 RMD/MS-MUD may support signiﬁcantly more
CRUs than the MMSE-MUD, while attaining a similar BER.
This observation becomes more declared, when the SNR per
bit becomes higher. From Figs. 3 and 4, we observe that the
Type-I.1 MUD outperforms both the Type-I.2 and Type-II.1
MUDs, while the Type-II.1 MUD outperforms the Type-I.2
MUD. This observation becomes more clear, either when the
number of users supported increases, or when the average SNR
per bit increases.
From Section IV-A1 we know that the MMSE-MUD in-
voked in the Type-I.1 RMD/MS-MMSE MUD carries out
the joint detection of the signals transmitted on different
subcarriers, which makes use of the channel knowledge about
all the subcarriers. Correspondingly, as seen in Figs. 3 and 4,
the Type-I.1 MUD is capable of achieving the near optimum
BER performance that is close to the lower-bound (single-user
BER), even when the number of users supported is as high as
K = 2NeL = 64. Furthermore, as shown in Figs. 3 and 4,
the BER of the Type-I.1 MUD converges to the lower-bound
as the average SNR increases. By contrast, as the analysis
in Section IV-A1 shows, the MMSE-MUD invoked in the
Type-II.1 and Type-I.2 MUDs detects each subcarrier signal
separately. The difference between the MMSE-MUDs used in
the Type-II.1 and Type-I.2 MUDs is that the autocorrelation
matrix in the the MMSE-MUD for the Type-II.1 requires
real-time channel knowledge, while that for the Type-I.2 is
independent of channel knowledge. Hence, these two MUDs
have a degraded capability of MUI suppression, in comparison
with the Type-I.1 MUD. Therefore, as observed in Figs. 3
and 4, the BER curves of these two MUDs diverge from the
lower-bound, when the number of users supported is relatively
high, such as K = 32 or 64 in Fig. 3 and K = 64 in Fig. 4.
However, when the number of users supported is not very high,
typically, when K ≤ LNe, or when the operational average
SNR is relatively low, such as, yielding a BER of about 0.01,
the performance of the proposed three types of MUDs is
usually close to each other, with the difference typically within
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U=8, Q=4, S=2, L=2, Ne=8
Fig. 5. BER versus average SNR per bit performance of the RRNS MC/DS-
CDMA systems communicating over frequency-selective Rayleigh fading
channels.
Figs. 5 and 6 illustrate the BER performance of the RRNS
MC/DS-CDMA systems employing the proposed MUDs,
when non-dynamic communication environments were as-
sumed. In the context of these two ﬁgures, RRNS schemes
were considered. Speciﬁcally, for Fig. 5, the RRNS(4,2) was
used, where the two information moduli were m1 = 5,m2 = 7
and the two redundant moduli were m3 = 8,m4 = 9. By
contrast, for Fig. 6, the RRNS(8,4) was employed, where
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U=16, Q=8, S=4, L=2, Ne=8
Fig. 6. BER versus average SNR per bit performance of the RRNS MC/DS-
CDMA systems communicating over frequency-selective Rayleigh fading
channels.
8,m4 = 9, while the four redundant moduli were m5 =
11,m6 = 13,m7 = 17,m8 = 19. The value of M was
chosen as M = 32 for Fig. 5 and as M = 2048 for Fig. 6.
Furthermore, as for Figs. 3 and 4, the impact of the number of
users was evaluated, when the proposed three types of MUD
schemes were employed, respectively.
From the results of Figs. 5 and 6, we observe that, within
the considered SNR region, the BER performance achieved
by the three types of MUDs for the various number users is
very similar. This observation explains that the Type-II.1 and,
especially, Type-I.2, which are suitable for implementation in
dynamic environments, are also promising MUDs in terms
of the BER performance. When we compare the results in
Figs. 5 and 6, where RRNS was considered and L = 2 orders
of diversity were used, with that in Figs. 3 and 4, where no
RRNS was used but L = 4 orders of diversity were achieved,
we can observe that the BER performance shown in Figs. 3 and
4 is generally better than the corresponding BER performance
shown in Figs. 5 and 6. The reason for this observation is
that, in this paper, hard-decision based RRNS decoding is
assumed and, furthermore, the RRNS codes used are relatively
short, with RRNS(4,2) for Fig. 5 and RRNS(8,4) for Fig. 6.
Consequently, the decoding scheme is outperformed by the
diversity scheme within the SNR region considered. Note that,
the error performance of the RRNS codes may be signiﬁcantly
improved, when soft-decision based decoding scheme is used.
Fig. 7 shows the outage probability of the RRNS MC/DS-
CDDMA system in the dynamic communication environments,
where the PR system was conﬁgured by the parameters shown
in the ﬁgure. Both the ideal mode and handoff mode were
evaluated. Two information moduli and two redundant moduli
were employed by the RRNS. The results of Fig. 7 explicitly
show that the performance predicted without taking into ac-
count of spectrum handoff may be too optimistic, especially,
when the utilization factor λ/µ of the PR system is relatively
low. Additionally, given a ﬁxed utilization factor, the results of
Fig. 7 show that the outage performance of the RRNS MC/DS-














































Fig. 7. Outage probability versus λ/µ (utilization factor) performance of
the RRNS MC/DS-CDDMA systems using two information moduli and two
redundant moduli and ∆t = 1.
of the PR system increases, even when the number of PUs
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U=8, S=2, Ne=8, K=32
Q=8,L=1
Q=4,L=2 Q=2,L=4
Fig. 8. BER versus average SNR per bit performance of the RRNS MC/DS-
CDMA systems communicating over frequency-selective Rayleigh fading
channels.
In Figs. 8 and 9, we compare the BER performance of
the RRNS MC/DS-CDMA systems, when various number of
redundant moduli and various order of frequency diversity are
used, while maintaining the total number of subcarriers, i.e.,
U = QL, a constant. As the results in Figs. 8 and 9 show,
the BER performance of the RRNS MC/DS-CDMA systems
improves, as the value of L increases and the value of Q
decreases. This observation implies that, when hard-decision
based RRNS decoding is employed, obtaining frequency di-
versity, which is equivalent to using repetition code with soft
combining, is more beneﬁcial than using redundant moduli
for error correction. Note that, soft-decision based RRNS
decoding is beyond the consideration of the current paper.
However, we note that the BER performance of the RRNS
MC/DS-CDMA systems should be signiﬁcantly improved,
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Fig. 9. BER versus average SNR per bit performance of the RRNS MC/DS-

































0 2 4 6 8 10 12 14 16 18 20









Dynamic (Ideal Mode): C=48,KP=6,CP=8, =0.2, =0.4; S=2,Ne=8
Fig. 10. BER versus average SNR per bit performance of the RRNS MC/DS-
CDDMA systems communicating over frequency-selective Rayleigh fading
channels, where the RRNS has S = 2 information moduli and upto Q−S = 4
redundant moduli.
In Figs. 10 and 11, we investigate the BER performance of
the RRNS MC/DS-CDDMA systems employing, respectively,
the proposed three types of MUDs, when communicating over
dynamic spectrum environments. In Fig. 10, we assumed that
the CR system was operated under the ideal mode, while in
Fig. 11, we assumed that the CR system was operated under
the handoff mode. For both the ﬁgures, the PR systems were
structured by the parameters C = 48, Kp = 6, Cp = 8, λ =
0.2 and µ = 0.4. The CR systems were assumed to use S =
2 information moduli, namely, m1 = 5,m2 = 7, and upto
Q − S = 4 redundant moduli, which were m3 = 8,m4 =
9,m5 = 11,m6 = 13. From the results of Figs. 10 and 11, we
observe that, when the number of CRUs supported is relatively
low, such as K ≤ 2Ne, the BER performance of the RRNS
MC/DS-CDDMA systems using any of the proposed MUDs
is close to the lower BER bound. However, as the number of
CRUs supported increases, the BER performance of the RRNS
MC/DS-CDDMA systems degrades. Furthermore, as shown in
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Dynamic (Handoff Mode): C=48,KP=6,CP=8, =0.2, =0.4; S=2,Ne=8
Fig. 11. BER versus average SNR per bit performance of the RRNS MC/DS-
CDDMA systems communicating over frequency-selective Rayleigh fading
channels, where the RRNS has S = 2 information moduli and upto Q−S = 4
redundant moduli and ∆t = 1.
are observed, even when single CRU is supported. In contrast,
when operated under the ideal mode, as shown in Fig. 10, error
ﬂoors are observed only for the cases of K = 64. The reason
for the observation of error ﬂoors in Fig. 11 is that, under the
handoff mode, the transmission on some subcarriers has to be
terminated, once the subcarriers are required by PUs. In this
case, the CRBS has to detect the transmitted signals based













































Dynamic: C=48,KP=6,CP=8, =0.2, t=1,SNR=10dB; S=2, Ne=8
Fig. 12. BER versus λ/µ (utilization factor) performance of the RRNS
MC/DS-CDDMA systems communicating over frequency-selective Rayleigh
fading channels, where the RRNS has S = 2 information moduli and upto
Q − S = 4 redundant moduli.
Fig. 12 shows the BER performance of the RRNS MC/DS-
CDDMA systems against the utilization factor, λ/µ, of the
PR systems. From the results, we can observe that the BER
increases, as the utilization factor of the PR systems increases,
which results in less subcarriers for operation of the RRNS
MC/DS-CDDMA systems. Again, as shown in Fig. 12, the
BER performance predicted based on the ideal mode is over
optimistic in contrast to that predicted based on the more